Introduction
Before we proceed with rigorous formulations and applications, we want to give a very informal and "easy-to-visualize" description of one of the central results of the paper.
Assume that we are given an n-plane P ⊂ R N , n < N, a collection of oriented n-planes e i , i = 1, 2, . . . , k, and a collection of positive reals a i , i = 1, 2, . . . , k. We want to know whether there exists an oriented polyhedral surface S such that its boundary belongs to P , each of its faces is parallel to one of e i 's (and has the same orientation), and the total area of all faces parallel to e i is a i .
If N = n + 1, the answer is given by the classic Existence Theorem of Minkowski. Let n i be the unit normal to e i (where the orientation of e i determines one of the two choices for a unit normal). Then such a surface S exists if and only if the following obviously necessary "linear algebra" condition is satisfied: e i 's do not lie in a hyperplane and their weighted sum a i n i is normal to P . Furthermore, then S can be chosen among convex surfaces.
In general case, already if n = 2 and N = 4, no condition like the Minkowski "linear algebra" condition suffices: in generic position e i 's may have no lines in common, so one cannot construct any polyhedral surface of faces parallel to e i 's. Hence we reformulate the problem as follows: given P , e i 's and a i 's, we wonder if, for every positive ε, there is a surface such that the total area of its faces parallel to each e i is a i , and the total area of all other faces is less than ε.
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Now the answer to this question depends on exactly what we mean by a polyhedral surface. If one considers immersed PL-manifolds, we show that, like in the existence theorem of Minkowski, such surfaces can always be found provided the obvious "linear algebra" condition similar to that in the theorem of Minkowski is satisfied. However, if one insists on an embedded surface, or at least on an immersed surface whose boundary is embedded in P , there are other (not really well understood) constraints.
Preliminaries and Formulations
The main purpose of the paper is to prove some restrictions or their absence (depending on the set-up) on the (weighted) Gaussian image of a surface of higher codimension. Our motivation to look at these problems came from Finsler geometry, and this work grew from [BI] ; however, we believe that these results may be of interest on their own; and they belong to an area with many open problems. The results can also be applied to studying the ellipticity property of surface area functionals.
Weighted Gaussian images of surfaces.
Let us consider an oriented k-dimensional Lipschitz singular chain (possibly with a boundary) in R n . Its weighted Gaussian image is a measure on the oriented Grassmannian G(k, n). It measures "the area of that part of the chain where its tangent plane has certain directions" (a formal definition follows below). Whereas a general definition is given for Lipschitz chains, it is convenient to separate a special case of polyhedral chains.
For a polyhedral chain, its weighted Gaussian image carries the following information: the total area of faces of each (oriented) direction. That is, this is an atomic measure concentrated on the set of directions of faces, with each face of area s and oriented direction σ contributing an atom sδ(σ). The corresponding affine-invariant object is a collection of indecomposable kvectors, where all faces parallel to each other and with the same orientation are represented by one k-vector parallel to the faces and of the magnitude equal to the total area of the faces.
More formally, for an oriented k-dimensional Lipschitz surface S : Ω → R n , its weighted Gaussian image µ S is the push-forward of the Euclidean surface area on S under the Gaussian map T : p → T p S from Ω to the Grassmannian G(k, n) of oriented k-planes (the map is defined a.e.) For a (singular) Lipschitz chain with nonnegative coefficients (over Z, R, or Q), the definition is generalized in an obvious way by adding weighted Gaussian
